Constraint Programming

2017/2018 - Mini-Test #2

Wednesday, 19 December, 18:00 h in 204-Ed.II
Duration: 1.5 h (open book)

1. Interval Arithmetic
Consider the univariate polynomial function expressed in the standard form as: f(x) = x3— x%2 + x

1.1. Express this function in the Horner form: a + x(b + x(c + dx))
f=x3—x?+x=x(x?—-x+1) =x(x(x—1)+1)

1.2. Choose an interval (with width > 0) for which the natural interval evaluation of the standard
form computes an enclosure smaller than the obtained by the Horner form. Justify

I=[-1,1]
Stand. form: [-1,1]3 — [-1,1]% + [-1,1] = [-1,1] — [0,1] + [-1,1] = [-2,1] + [-1,1] = [-3,2]
width: 5
Horner form: [—-1,1]([-1,1]([-1,1] - 1) + 1) = [-1,1]([-1,1][-2,0] + 1)
= [-11]([-22]+ 1) = [-1,1][-1,3] = [-3,3]
width: 6

1.3. Compute the smallest enclosure you can for the range of the function in x[0,1]. Justify.
fl(x)=3x?—-2x+1
24V4-12

fl(x)=0 - x= ndo tem raizes reais,

Logo f(x) é mondtona, e como f'(0) = 1 é crescente e portanto:

£10.1D = [f(0), f(D]=[0.1]

2. Interval Newton
Consider the polynomial of the previous question: f(x) = x3 —x? + x
2.1. Define the interval Newton function for the polynomial.

D3 —c()? I b
NOBPOR Sk A e b =22

2.2. Prove with the interval Newton method that the polynomial has no rootsin [1/2, 3/4].
0.5+ 0.75
I =[0.5,0.75] c(l) = — = 0.625
0.6253 — 0.6252 + 0.625
[0.5,0.75]% — 2[0.5,0.75] + 1
0.4785
[0.25,0.5625] — [1,1.5] + 1

N([0.5,0.75]) = 0.625 ~ -

N([0.5,0.75]) = 0.625 — -

0.4785

(10-5,0.75]) = 0.625 =t <5781

= 0.625 — [0.2835,1.9141] = [—1.2890,0.3414]

Como N ([0.5,0.75]) n [0.5,0.75] = @ provamos que ndo ha raizes em [0.5,0.75]



2.3. Prove with the interval Newton method that the polynomial has a rootin [-1/2, 1/3].
I = [_05:1/3] C(I) = = - —

1 132 1
1 (—ﬁ) - (—ﬁ) + (_ﬁ)
N(=051/3D = =15 - 3[-0.5,1/3]% — 2[-0.5,1/3] + 1
—0.091
[0,0.25] — [=0.5,0.3333] + 1

N([~05,1/3]) = ~0.833 ~ -

—0.091
N([-0.5,1/3]) = —0.833 - ——————— =~ —0.833 — [—0.2725, —0.0331] = [—0.0502,0.1893
a /3] [0.3333,2.75] [ =1 ]

Como N([—-0.5,1/3]) < [—0.5,1/3] provamos que ha pelo menos uma raiz em [—0.5,1/3]

3. Constraint Propagation
Consider the constraints below and a box B =[-3,3]x[-3,3]
cl: x3-3x?+3x-y<1
c2: x*+y?<9
3.1. Is the system box-consistent in box B?
Para 0 sistema ser box-consistent é necessario que todas as restricdes o sejam.
A restri¢do c1 é box-consistent em B sse:
[-3]3-3[-3]? + 3[-3] - [-3,3] <1 [313-3[3]%+ 3[3] - [-3,3] <1
[-3,3]%-3[-3,3]? + 3[-3,3] - [-3] <1 [-3,3]3-3[-3,3]? + 3[-3,3] - [3] <1

No entanto: [3]®-3[3]? + 3[3] - [-3,3] = 27-27 +9-[-3,3] = 9+[-3,3] = [6,12] >1
Logo c1 ndo é box-consistent e portanto o sistema ndo é box-consistent.

3.2. Is the system hull-consistent in box B?

Box-consistency é mais fraco que hull-consistency para o mesmo conjunto de restricdes, logo se o
sistema ndo é box-consistent entdo tambem n&o é hull-consistent.

3.3. Find narrowing functions for the constraints, by decomposing them into primitive constraints,
and check whether the system is hull-consistent wrt these narrowing functions in B.

cl: x3-3x2+3x-y<1
cl.1: Xp-y<l1

cl.2: X1 =X X X2
cl.3: X2 =X3+ 3
cl.4: X3 =X X X4

cl.5: Xs=X-3
c2: x2+y?<9

c2.1: X5+ X< 9
c2.2: X5 =X X X7
c2.3: X6 =Y X Xg
c2.4. X7 =X
c2.5: Xg =Y

As narrowing functions sdo obtidas resolvendo cada restricdo em ordem a cada variavel.



Exemplo:

X1 -y<1

X1-y= [-OO,l]

X1 =[-00,1] +Y

NFl_l;x1(<X,Y,X1,X2,X3,X4,X5,X5,X7,Xg>) = <X,Y,([-OO,1]+Y)ﬂX1,X2,X3,X4,X5,X6,X7,X8>
X1 -y<1

X1 -y =[-o0,1]

y =X1- [-0,1]

NFl_l;y(<x,Y,Xl,X2,X3,X4,X5,X6,X7,X8>) = <X, (Xl-[-OO,1])ﬁY,Xl,X2,X3,X4,X5,X6,X7,X8>

Ficamos entdo com as seguintes narrowing functions:

NFl,l;x1(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y,([-OO,1]+Y)ﬁX1,X2,X3,X4,X5,X6,X7,X8>
NFl_l;y(<X,Y,X1,X2,Xg,X4,X5,X6,X7,X8>) = <X,(X1-[-OO,1])ﬂY,X1,X2,X3,X4,X5,X6,X7,X3>
NF12:x (<X,Y,Xl,XZ,Xs,X4,X5,Xe,X7,Xs>) = <(X1/Xz)ﬁX,Y,X1,X2,X3,X4,X5,X5,X7,X3>
NFl_z;x1(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y,(XXXZ)ﬁxl,Xz,Xs,X4,X5,X5,X7,X8>
NFl_z;x2(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y,Xl,(xll)()ﬁXz,Xs,X4,X5,X5,X7,X3>
NF1.3;x2(<X,Y,X1,X2,X3,X4,X5,X5,X7,X8>) = <X,Y,X1,(X3+3)OX2,X3,X4,X5,X6,X7,X8>
NF1_3;x3(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) =<X)Y, Xy, Xz,(Xz-3)ﬁX3,X4,X5,X6,X7,X8>
NF14:x (<X,Y,Xl,XZ,X3,X4,X5,X6,X7,X8>) = <(X3/X4)ﬂX,Y,X1,X2,X3,X4,X5,X6,X7,X8>
NF1,4;x3(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) =<X)Y, Xl,Xz,(XXX4)ﬁX3,X4,X5,X6,X7,X8>
NF1_4;x4(<X,Y,X1,X2,X3,X4,X5,X5,X7,Xg>) =<X)Y, Xy, Xz,X3,(X3/X)K\X4,X5,X5,X7,X8>
NF1_5;x(<X,Y,Xl,XQ,X3,X4,X5,X6,X7,Xg>) = <(X4+3)ﬂX,Y,X1, X2,X3,X4,Xs, X6, X7,Xg>
NF1_5;x4(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) =<X,Y, X1, Xz,Xs,(X-3)ﬁX4,X5,X6,X7,Xg>
NF2_1;X5(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) =<X,Y, Xl,Xz,Xa,X4,([-OO,9]-Xe)ﬁXs,Xe,X7,X3>
NFz.l;xe(<X,Y,X1,X2,X3,X4,X5,X5,X7,X8>) = <X,Y,Xl,X2,X3,X4,X5,([-00,9]-X5)0X5,X7,X8>
NF2.2:x (<X,Y,Xl,XZ,X3,X4,X5,Xe,X7,X3>) = <(X5/X7)ﬁX,Y,X1,X2,X3,X4,X5,X5,X7,X8>
NFz_z;x5(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) =<X,Y, X1, Xz, X3,X4,(XXX7)ﬁX5,X6,X7,Xs>
NFz,z;x7(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y, X1, X2,X3, X4,X5,X6,(X5/X)('\X7,X3>
NF2_3;y (<X,Y,Xl,XZ,X3,X4,X5,X6,X7,X3>) = <X,(Xe/Xg)ﬁY,Xl,Xz,X3,X4,X5,X5,X7,Xg>
NF2_3;x5(<X,Y,X1,X2,X3,X4,X5,X5,X7,X8>) = <X,Y, X1,X2, X3,X4, Xs,(YXX8)ﬁXe,X7,Xg>
NFz_3;x8(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y, X1, X2,X3, X4,X5,X6,X7,(X6/Y)ﬁX8>
NF2_4;x(<X,Y,Xl,XQ,X3,X4,X5,X6,X7,X8>) = <X XY, X1,X2,X3,X4,Xs5,X6,X7,Xg>
NF2.4;x7(<X,Y,X1,X2,X3,X4,X5,X5,X7,X8>) = <X,Y, X1, X2,X3,X4,X5,X6, XM X7,Xg>
NF2.5:y(<X,Y,X1,X2,Xg,X4,X5,X6,X7,X8>) = <X, XgNY, X1,X2,X3,X4,X5,X6,X7,Xg>
NFz_5;xg(<X,Y,X1,X2,X3,X4,X5,X5,X7,X3>) = <X,Y, X1, X2,X3,X4,X5,X5,X7,Y N Xg>

O sistema é hull-consistent em B sse ao executarmos o algoritmo de propagacao de restricdes com a box

B '=<[-3,3],[-3,3],[-o0,+o0],[-e0,+0],[-00,+0] [ -00,+00] [ -00,+0] [ -00,+00] [ -00,+00] ,[ 00, +00] >

obtivermos um ponto fixo em que 0s dominios das variaveis x e y ndo sao alterados:
B’=NF2s5:xs(B")=<[-3,3],[-3,3],[-c0,+o0] [ -00,+0] [ -00,+00] [ -00,+00] ,[ 00, +00] [ -00,+00] ,[ 00, +00] [ -3,3] >
B’=NF25.7(B")=<[-3,3],[-3,3],[-o0,o0],[-00, +o0] [-00,+00] [ -00,+00],[-00,+00] [ 00, +o0] [ -3,3] [ -3,3] >
B ,:NF2-33X5(B ,):<[_313] 1[_313] ' [—OO,+OO] ,[—OO,+OO] 1[_OO!+OO] ,[—OO,+OO] ’[_OO’+OO] 1[_9’+9] ![_313] 1[_313] >

B '=NF2.2:5(B ")=<[-3,3],[-3,3],[-00,00] [ -00,+00] [ -00,+00] [ -0, +0] [-9,9],[-9,9].[-3,3].[-3,3]>
B '=NFys:x4(B")=<[-3,3],[-3,3],[-00,00] [ -00,+00] [ -00,+00],[-6,0],[-9,9],[-9,9].[-3,3].[-3,3] >
B'=NF1.4:x3(B")=<[-3,3],[-3,3], [-c0,+00] ,[-00,+0] [ -18,18],[-6,0],[-9,91,[-9,9],[-3,3].[-3.3]>

B '=NFy3:(B )=<[-3,3],[-3,3],[-0,+20] [-15,21] ,[-18,18].[-6,0],[-9,9].[-9.9],[-3,3].[-3,3]>

B '=NFu12.a(B )=<[-3,3],[-3,3],[-63,63],[-15,21],[-18,18],[-6,0].[-9,9] [-9.9],[-3,3],[-3,3]>

B '=NF1.1,4(B")=<[-3,3],[-3,3],[-63,4],[-15,21],[-18,18] ,[-6,0].[-9,9],[-9,9] [-3,3],[-3,3] >

Chegamos a um ponto fixo logo o sistema é hull-consistent em B.



