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Continuous Constraint Satisfaction Problems

Lecture 1: Interval Constraints Overview

Pruning and Branching

Representation of Continuous Domains

Continuous Constraint Reasoning

Solving Continuous CSPs 

Consistency Criteria

Constraint Propagation

Practical Examples

Course Structure
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Constraint Satisfaction Problem (CSP):

set of variables

set of domains

set of constraints

Solution:

assignment of values which satisfies all the constraints

Continuous CSP (CCSP):

Intervals of reals 

[a,b]

Numeric

(=,,)
Many

Constraint Reasoning

GOAL Find Solutions;

Find an enclosure of the solution space
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Continuous Constraint Satisfaction Problem (CCSP):

Solution:

assignment of values which satisfies all the constraints

Constraint Reasoning

GOAL Find solutions;

Find an enclosure of the solution space

z

[1,5]

y

[,]

[0,2]

x

y = x2

z  x

x+y+z  5.25

Interval Domains

Numerical Constraints

Many Solutions

x=1, y=1, z=1
...

x=1, y=1, z=3.25
...
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Representation of Continuous Domains 

F-interval R

F

[r1,r2]

[f1 , f2]

r

[r,r]

F-box

Canonical solution
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box split

Solving CCSPs:

Branch and Prune algorithms 

constraint propagation 

Safe Narrowing Functions

Strategy for
isolate canonical solutions

provide an enclosure of the solution space

depends on a consistency requirement
31 Oct 2016
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Constraint Reasoning (vs Simulation)

Uses safe methods for narrowing the intervals 

accordingly to the constraints of the model

Represents uncertainty as intervals of possible values

x y

[1,5][0,2]
y = x2

0 0Simulation:
1 1
2 4

no

y4?
x1?

Constraint 

Reasoning: [1,2] [1,4]
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How to narrow the domains?

Safe methods are based on Interval Analysis techniques

x y

[1,5][0,2]
y = x2

x[a,b] x2[a,b]2=
[0,max(a2,b2)]

[min(a2,b2),max(a2,b2)]

if a0b

otherwise

If x[0,2]

Then y[0,2]2 =[0,max(02,22)]=[0,4]

 y[1,5]  y[0,4] 

 y[1,5]  [0,4] 

 y[1,4] 
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How to narrow the domains?

Safe methods are based on Interval Analysis techniques

x y

[1,5][0,2]
y = x2

x[a,b] x2[a,b]2=
[0,max(a2,b2)]

[min(a2,b2),max(a2,b2)]

if a0b

otherwise

NFy=x²: Y’  YX2

31 Oct 2016
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How to narrow the domains?

Safe methods are based on Interval Analysis techniques

x y

[1,5][0,2]
y = x2

If x[0,2] and y[1,5] 

Then y

 y[1,5]  [0,4] 

 y[1,4] 

],[
],[

]),([N 40
1

203
351

2






y  x2 = 0 F(Y) = Y  [0,2]2 F’(Y) = 1

)Y('F

))Y(c(F
)Y(c)Y(N yY x[0,2] yx2=0  y

Interval Newton method
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How to narrow the domains?

Safe methods are based on Interval Analysis techniques

x y

[1,5][0,2]
y = x2

NFy=x²: Y’  Y












 


1

2X)Y(c
)Y(c

y  x2 = 0 F(Y) = Y  [0,2]2 F’(Y) = 1

)Y('F

))Y(c(F
)Y(c)Y(N yY x[0,2] yx2=0  y

Interval Newton method
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How to narrow the domains?

Safe methods are based on Interval Analysis techniques

x y

[1,5][0,2]
y = x2

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)+

NFy=x²: Y’  Y












 


1

2X)Y(c
)Y(c

NFy=x²: X’  X



















X

)X(cY
)X(c

2

2

contractility

Y’  Y

X’  X

correctness

yY yY’  ¬xX y=x2

xX xX’  ¬yY y=x2
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[1,5]

[,]

[0,2]
z

y

x

y = x2

z  x

x+y+z  5.25

NFy=x²: Y’  YX2

NFx+y+z5.25: X’  X([,5.25]YZ)

NFx+y+z5.25: Y’  Y([,5.25]XZ)

NFx+y+z5.25: Z’  Z([,5.25]XY)

NFy=x²: X’  (XY½)(XY½)+

NFzx: X’  X(Z[0,])

NFzx: Z’  Z(X[0,])



[1,4]



[1,2]









[,3.25]



[1,3.25]

Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

31 Oct 2016
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[1,5]

[,]

[0,2]
z

y

x

y = x2

z  x

x+y+z  5.25



[1,4]



[1,2]







[,3.25]



[1,3.25]

Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation



[1,3.25]


[1,3.25]











 NFy=x²: Y’  YX2

NFx+y+z5.25: X’  X([,5.25]YZ)

NFx+y+z5.25: Y’  Y([,5.25]XZ)

NFx+y+z5.25: Z’  Z([,5.25]XY)

NFy=x²: X’  (XY½)(XY½)+

NFzx: X’  X(Z[0,])

NFzx: Z’  Z(X[0,])
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z

y

x

y = x2

z  x

x+y+z  5.25

[1,3.25]

Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

[1,3.25]

[1,3.25]

x       y       z

3.25 y = 3.25y = x2 

x+y+z  5.25  z  2-3.25

<3.25z  x

1 1 1 
1 1 3.25 

1.5 2.25 1.5 

x

+ Branching

Consistency Criterion

31 Oct 2016
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation + Branching

Consistency Criterion

Local Consistency

(2B-Consistency)
Constraint Propagation

Higher Order Consistencies

(kB-Consistency)

Constraint Propagation
+ 

Branching

3B-Consistency: if 1 bound is fixed then the problem is Local Consistent

x            y           z

[1,3.25] [1,3.25] [1,3.25] not 3B-Consistent

x            y           z

[3.25] [1,3.25] [1,3.25]

not Local Consistent[1,1.5] [1,2.25] [1,3.25] 3B-Consistent
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-2

0

2

4

6

8

10

-4 -2 0 2 4

Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

y = x2

x = y½

Constraint propagation

define set of narrowing functions:

y = 2x + [4,]

x = ½y  [2,]

NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)+

x

y

31 Oct 2016
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0
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10
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Constraint propagation

apply the narrowing functions to prune box:

NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)+

x

y

[-2,2][-2,10]

[-2,2]([-2,10] [-2,2]2)

[-2,2]([-2,10] [0,4])

[-2,2][0,4]

31 Oct 2016
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-2

0
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4
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8

10
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Constraint propagation

x

y

apply the narrowing functions to prune box: [-2,2][0,4]

[-2,2][0,4]

([-2,2][0,4]½)([-2,2][0,4]½)[0,4]+

([-2,2][-2,0])([-2,2][0,2])[0,4]+

NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)

31 Oct 2016
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-2

0

2

4

6

8

10

-4 -2 0 2 4

Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Constraint propagation

x

y

apply the narrowing functions to prune box: [-2,2][0,4]

[-2,2][0,4]

[-2,2]([0,4](2[-2,2] +[4,]))

[-2,2]([0,4]([-4,4] +[4,]))

[-2,2]([0,4][0,]) NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)

31 Oct 2016
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Constraint propagation

x

y

apply the narrowing functions to prune box: [-2,2][0,4]

[-2,0][0,4]

([-2,2](½[0,4][2,]))[0,4]

([-2,2]([0,2][2,]))[0,4]

([-2,2][,0])[0,4] NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)

31 Oct 2016
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Constraint propagation

x

y

obtained the box: [-2,0][0,4] (fixed point)

NFy2x+4: Y’  Y(2X+[4,])

NFy2x+4: X’  X(½Y[2,])

NFy=x²: Y’  YX2

NFy=x²: X’  (XY½)(XY½)

31 Oct 2016
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-4 -2 0 2 4

Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Split box

x

y

[-2,0][0,2]

[-2,0][2,4]

31 Oct 2016
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Split box

x

y

[-2,0][0,2] (fixed point)
prune

[-1.415,-1.082][1.171,2.000]

[-2,0][2,4]

31 Oct 2016
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

Split box

x

y

[-2,0][0,2] (fixed point)
prune

[-1.415,-1.082][1.171,2.000]

[-2,0][2,4] (fixed point)
prune

[-2.000,-1.414][2.000,4.000]

31 Oct 2016
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

When to stop?

x

y

Consistency requirement

+[-1.415,-1.082][1.171,2][-2,-1.414][2,4] = [-2 ,-1.082][1.171,4] 

if we stop now:
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Example:

y = x2

y  2x + 4

Constraints:

Variables: x, y

Domains: [-2,2][-2,10]

When to stop?

x

y

smallest box containing all canonical solutions 

Consistency requirement

31 Oct 2016



Continuous Constraint Programming

5.022  xyyx

],[ x ],[ y

Feasible Space 

Continuous Constraint Satisfaction Problem:

Lecture 1: Interval Constraints Overview 2831 Oct 2016



Continuous Constraint Programming

Branch & Prune Algorithms:

• one solution

• feasible space box cover

5.022  xyyx

],[ x ],[ y

Continuous Constraint Satisfaction Problem:

Prune Techniques:

• Interval Analysis

• Constraint Propagation

Lecture 1: Interval Constraints Overview 2931 Oct 2016



Interval Analysis

Inner Box ?

5.022  xyyx

]0,[

]0,[









y

x
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?5.0]0,2[

]0,][0,[]0,[]0,[

3

22









Interval Analysis

Inner Box ?

Interval 

Arithmetic

5.022  xyyx

]0,[

]0,[









y

x
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Interval Analysis

Non-solution

Box ?

5.022  xyyx

],2[

],2[









y

x
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Interval Analysis

Interval 

Arithmetic

5.022  xyyx

5.0],4[

],2][,2[],2[],2[

33

22









Non-solution

Box ? ],2[

],2[









y

x

?
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Interval Analysis

Prune Boundary Box

05.0
22

 xyyx

]4,0[],43[  
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Interval Analysis

Prune Boundary Box

Newton step

05.0
22

 xyyx

]4,0[],43[  

]2547.0,0[],43[ 
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Interval Analysis

Prune Boundary Box

Newton step

05.0
22

 xyyx

]4,0[],43[  

]2547.0,0[],43[ 

]0874.0,0[],43[ 

Newton steps
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Continuous Constraint Programming

Continuous Constraint Reasoning:

all solutions

no solutions

may contain solutions

Feasible Space 
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A practical example:

Census USA

0
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00

19
10
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(millions)

Time (years)

Logistic Model

 

   kex

ekx
tx

ttr

ttr








1
)(

0

0

0

0

Optimization Problem:
2

)( ii
i

vx min

 

   kex

ekx
x

ttr

ttr

i
i

i








10

0

0

0with

result:

x0= a

k = b

r = c
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A practical example:

Census USA
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

1
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CCSP:  

 
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


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

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1
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0x
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result:
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Lecture 1: Interval Constraints Overview

Course Structure: Constraints on Continuous Domains

Lecture 2: Intervals, Interval Arithmetic and Interval Functions

Lecture 3: Interval Newton Method

Lecture 4: Associating Narrowing Functions to Constraints

Lecture 5: Constraint Propagation and Consistency Enforcement

Lecture 6: Problem Solving
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