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Constraint Reasoning Continuous CSP (CCSP):

Constraint Satisfaction Problem (CSP):

set of variables

set of domains _» Intervals of reals
[a,b]

set of constraints _

—  Numeric
(: < >)

Solution: > Many

assignment of values which satisfies all the constraints

GOAL Find Solutions;
Find an enclosure of the solution space
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Constraint Reasoning

Continuous Constraint Satisfaction Problem (CCSP):

Interval Domains [1,5]
) _ y = NC
Numerical Constraints /QD\
X+y+Z < 5.25
Many Solutions
=1. v=1. z=1
X ’ y ’ 2 [0’2] V4 2 X
Solution: x=1,y=1,2=3.25 [—00,+00]

assignment of values which satisfies all the constraints

GOAL Find solutions;
Find an enclosure of the solution space
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Representation of Continuous Domains

[ry.r r
| | | R

QQQQQT...QQQQQQQ F

[fy, f,] [Lrlrlﬂl

F-interval

F-box cocecccssscccsns

Canonical solution 0o o h-
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Solving CCSPs:
Branch and Prune algorithms

|

constraint propagation
box split \ ‘

Safe Narrowing Functions

Isolate canonical solutions
provide an enclosure of the solution space

1

depends on a consistency requirement
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Constraint Reasoning (vs Simulation)

Represents uncertainty as intervals of possible values

Uses safe methods for narrowing the intervals
accordingly to the constraints of the model

[0,2] y= X2 [1,5]
X ) \|
Simulation: 0 0 no
x<1? 1 1
2 4 y>4?

Constraint
Reasoning: [1,2] [1,4]
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How to narrow the domains?

0,2 - 1,51

X O mmmmeeeeeeeeeeeeeeeeeeeeeeeee® Y
Safe methods are based on Interval Analysis technigues

[0, max(a2,b?) ] if a<0<b

Y X2 a’b 2=
xefap) X €la,b] [Lmin(a2,b?)]] max(a2b?)] otherwise

If xel0,2]
Then ye[0,2]2 =[0, max(02,22) [|=[0,4]
-, Ye[l1,5] A ye[0,4]
- ye[1,5] N [0,4]
. yel[l,4]
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How to narrow the domains?

0,2 - 1,51

X O mmmmeeeeeeeeeeeeeeeeeeeeeeeee® Y
Safe methods are based on Interval Analysis technigues

[0, max(a2,b?) ] if a<0<b

Y X2 a’b 2=
xefap) X €la,b] [Lmin(a2,b?)]] max(a2b?)] otherwise

[NFpet Y - YO |
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How to narrow the domains?

0,2 - 1,51

X O ) \|

Safe methods are based on Interval Analysis technigues

y—-x2=0 > F(Y)=Y -]0,2]2 F(Y) =1

F(c(Y))
F(Y)

Interval Newton method

Ver vXe[O,Z] y_X2:O — Ye N(Y) — C(Y) o

If xe[0,2] and ye[1,5]
3-[0,2]°

Then yeN([L5]) =3~ =[0,4]

. ye[l1,5] n [0,4]
. yel[l,4]
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How to narrow the domains?

0,2 - 1,51

X O ) \|

Safe methods are based on Interval Analysis technigues

y—x2=0 > F(Y) =Y -[0,2]2 F(Y) = 1
Vyer Vacpa YXE=0=> ye NOY) = oY) - -0 )

Interval Newton method

[N Froet Y < YO [c(v) _ C(Y)l‘ X? B
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How to narrow the domains?

0,2 - 1,51

X O ) \|

Safe methods are based on Interval Analysis technigues

contractility correctness

NFye Y < YAX2 | | )
Y - Y ver ng — ﬁEIXeX y=X

NF, e Y < YA (c(v) _ C(Y)l_ X? }

NFoe: X <= (Xn=Y2)D(X+Y?)
XX  VyxXeX = -3,y y=X?

—2X
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

[1,4]
—tH5— NF,e Y < YnX2
y = X2 /Cy)\ —> NFoe: X <= (Xn=Y)D(X+Y7)
X+y+z £ 5.25 NF iyizesos: X' «= XN([-0,5.25]-Y-2)

I\”:x+y+235.25: Y « Ym(:—oo,5.25: _X_Z)
’ > X
L2 22 (J@

——soreet- — NFiyszesos: £ <= ZM([~0,5.25]-X-Y)

[1,3.25] b NF,..: X' < X\(Z-[0,+0])

—=b NF,..: Z' < Z~(X+[0,+00])
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

[1,3.25]
—t4
—t&5
y = X* /@D\
X+y+z £ 5.25
H :2] Z2X —é
— ~fooreet
[1,43.25] A
[1,3.25]
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NF,_e: Y < YNX?

y=xe"

I\”:x+y+235.25: X « XF\(

NFiyazesos Y < Y(

2 < 2L 2 2

—00,5.25]

NFayizess: £ < Z\(

—00,5.25]

NF, .. X < (Xn=Y2)D(X+Y?7)

~Y-2)
~X-2)
~X-Y)

—00,5.25

' NF,.,: X < XA(Z-[0,+0])

' NF,.. Z' < Z(X+[0,+])
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Solving a Continuous Constraint Satisfaction Problem

[1,3.

<

[

X
N

Constraint Propagation + Branching
Consistency Criterion

25]

A&

X+y+z < 5.25

[133.25] 7 >

T

31 Oct 2016

[1,3.25]

Lecture 1:

X y z
11 A
3.25 4/
o5 y=X2=y =325
1.5 2.2%+y+5< 505 = 7 < 243.25

H_/

5 <z
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation + Branching
Consistency Criterion

Local Consistency
(2B-Consistency)

Constraint Propagation

; Constraint Propagation
Higher Order Consistencies «~——— T
(kB-Consistency) Branching
3B-Consistency: if 1 bound is fixed then the problem is Local Consistent
X y Z X y Z
[1,V3.25] [1,3.25] [1,3.25] not 3B-Consistent «—— [v3.25] [1,3.25] [1,3.25]
[1,1.5] [1,2.25] [1,3.25] 3B-Consistent not Local Consistent
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Example: 16
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6 1
Constraints: 4
y — X2 2 -
y 2 2X + 4 [ U 1
_ _ -4 /2 0 2 4
Constraint propagation -2
define set of narrowing functions:
y=x° . NFe Y« YnX2
X = +y¥ NF . X' <= (Xn=Y7)I(X+Y7)
y = 2X + [41+OO] I\”:y22x+4: Y « Yﬂ(2X+[4,—|—OO])
X = Yoy — [2,+o0] NF . og: X <= XN(¥2Y—[2,+00])
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Example:
Variables: x, y
Domains: [-2,2]x[-2,10]
Constraints:
y =2
y>2x+4

s

o]

(

)

2 4

Constraint propagation

apply the narrowing functions to prune box:
— NF o Y < YnX?
NFoe: X <= (Xn=Y7)H(X+Y7)

-2,2]x[0,4] NFoxeg: Y <= YN(2X+[4,+0])

-2,2]%([-2,10] N[-2,2]°)
-2,2]x([-2,10] N[0,4])

[-2,2]x[-2,10]

NFyoxea: X = XO(¥2Y—[2,40])
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6
Constraints: o
y = X2 2
y>2x +4 , 5 |
-4 /2 L0 2 4

Constraint propagation
apply the narrowing functions to prune box: [-2,2]x[0,4]

NF,e Y < YNX?

NF et X (Xn=Y72)U(X+Y7)
NFyoiq: Y <= YN(2X+[4,+00])
NFyoouig: X' <= XN(2Y—[2,+00])
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[-2,2]%[0,4]



Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6
Constraints: o
y = X2 2 1
y>2x+4 | 5 |
-4 /2 L0 2 4

Constraint propagation

apply the narrowing functions to prune box: [-2,2]x[0,4]

-212
_2!2
-212

-2’2

x([0,4]
x([0,4]

x([0,4]
x[0,4]

31 Oct 2016

N(2[-2,2] +[4,+])) NFoe: Y < YNX?
N([-4,4] +{4,+e0])) NFyoe: X = (XO=YA)O(XvY™)
M[0,+x]) — NF o4 Y' < YN(2X+[4,+0])
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6
Constraints: o
y = X2 2
y>2x +4 , 5 |
-4 /2 L0 2 4

Constraint propagation
apply the narrowing functions to prune box: [-2,2]x[0,4]

(-2,2]M(%4[0,4]-[2,+20]))x[0,4] NFyel Y = YNX2
([-2,2]([0,2]-[2,+0]))x[0,4] NFyoet X = (Xn=Y2)U(X+Y?)
([-2,2]"[—,0])%[0,4] NFy22X+4: Y' < YN(2X+[4,+x])
[-2,0]x[0,4] —— NFo0qt X = XN(Y2Y—[2,+00])
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Example: 0?2
Variables: x, y 8 -
Domains: [-2,2]x[-2,10] 6 -
Constraints: 4
y = NC 2 |
y>2x+4 | 5 | |
-4 /2 0 2 4
Constraint propagation 2 -

obtained the box: [-2,0]x[0,4] (fixed point)
NFe: Y < YNX?

NFoe: X <= (Xn=Y)U(XN+Y7)

NFoweg: Y <= YN(2X+[4,+0])
NFoxeg: X <= XN\(Y2Y—[2,+0])
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6

Constraints: /

y =X >
y>2x+4 /&J
- 2
Split box :
[-2,0]x[0,2]

[-2,0]x[2,4]
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6
Constraints: 4
y = X? 2
y=>2X+4 , 5 | -
| -4 /2 L9 2 4
Split box
prune . .
[-2,0]x[0,2] » [-1.415,-1.082]x[1.171,2.000] (fixed point)
[-2,0]%[2,4]
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6 1
Constraints: 7
y — X2 2 -
y>2x+4 , 5 | X
| 4 /2 , 0 2 4
Split box
prune . .
[-2,0]x[0,2] » [-1.415,-1.082]%[1.171,2.000] (fixed point)
prune . :
[-2,0]x[2,4] > [-2.000,-1.414]%[2.000,4.000] (fixed point)
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Example: 10 -
Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6
Constraints: K7™ : 4
y =X : E 2 -
y=>2X+4 , 5 | |
-4 /2 L0 2 4
When to stop? » Consistency requirement

If we stop now:

[-1.415,-1.082]x[1.171,2]H[-2,-1.414]x[2,4] = [-2 ,-1.082]x[1.171,4]
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Example:

Variables: x, y
Domains: [-2,2]x[-2,10]

Constraints:

y =2
y>2x+4 , I
4 2
When to stop? » Consistency requirement

smallest box containing all canonical solutions

31 Oct 2016 Lecture 1: Interval Constraints Overview
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Continuous Constraint Programming

Continuous Constraint Satisfaction Problem:

Xel-7m,7] vel-7.7] .t

X’y + Xy <0.5

-3 -2 -1 0 1 2 3
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Continuous Constraint Programming

Continuous Constraint Satisfaction Problem:
XE[_ﬂ.;ﬂ-] yE[—ﬂ',ﬂ'] J_i

X’y + Xy <0.5

— —

Branch & Prune Algorithms: !
 one solution |
« feasible space box cover

== = R ]

-1k

Prune Technigques:
 [Interval Analysis
 Constraint Propagation
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Interval Analysis

Xy +Xxy* <0.5

Inner Box ? X € [-7,0] > L

R\
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Interval Analysis

Gy 09

Inte rval

Arlthmetlc

Inner Box L/ x [—7,0] 1
yel-x,0] ¥ |
[-7,0]°[-7.0]+ [-7.0][-7,0] = . R

[-27° O]<05[Mfl
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Interval Analysis

Xy +Xxy* <0.5

Non-solution Xxe[z/2,x] > LE
Box ? y€[72'/2,7z']

R\
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Interval
Arlthmetlc

Interval Analysis

Gy’ 508>

[723/47r]<05

Non-_§olut|o XE[ /2, 7]

[7/2, 7]’ [~/2, 7z]+[7z/2 7[7/2, 7] =

31 Oct 2016

?7Fm
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Interval Analysis

x2y+xy2 —0.5<0

Prune Boundary Box \

[37/4,71<[0, 7/4] )

1 PER I (\ 2]
o 1 1 3
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Interval Analysis

x2y+xy2 —0.5<0

Prune Boundary Box \

[37/4, 7]x[0,0.2547]

[37/4, ][0, /4] )
Newton step

™~
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Interval Analysis

x2y+xy2 —0.5<0

Prune Boundary Box \

[37/4,71x[0, 7/4 )
[37/4, ] % [O,Oew205nﬁi7e5)

Newton steps

[37/4, 7]x[0,0.0874]

™~
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Continuous Constraint Programming

Continuous Constraint Reasoning: no solutions

Feasible Space

3 S/ -2 -1 o 17 2
all solutions may contain solutions
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A practical example:

Population
(millions)
Census USA
140
o Logistic Model
100 -
80 - )
kxge" (%)
o X(t) = ltt) 1
0 Xo(e 0 —1)+k
20 -
S S S NN ' | X,= a
0=
0%0 '&QQ &\,0 '3;,/0 &%Q ,;bb‘g @@Q @bQ 'é\c ,;bq’g &Q)Q \960 \9\9 reSUIt k _ b
Time (years) r=c

ot : 2 :
Optimization Problem: min Z(Xi —Vi) with X; =
i
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A practical example:

Population
(millions)

Census USA
140

Logistic Model

. X(t) B kxoer(t_tO)
40 - e (t b) 1 +K

result: X

Time (years)

ko€ r(ti—to)
" X, (er(ti‘t(’) —1)+k

A\

CCSP: 1(X0,K, )| V(1 vi) X
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Course Structure: Constraints on Continuous Domains

Lecture 1: Interval Constraints Overview

Lecture 2: Intervals, Interval Arithmetic and Interval Functions

Lecture 3: Interval Newton Method

Lecture 4: Associating Narrowing Functions to Constraints

Lecture 5: Constraint Propagation and Consistency Enforcement

Lecture 6: Problem Solving
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