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Constraint Reasoning Continuous CSP (CCSP):

Constraint Satisfaction Problem (CSP):

set of variables

set of domains _» Intervals of reals
[a,b]

set of constraints _

—  Numeric
(=,5,2

Solution: > Many

assighment of values which satisfies all the constraints

GOAL Find Solutions;
Find an enclosure of the solution space
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Constraint Reasoning

Continuous Constraint Satisfaction Problem (CCSP):

Interval Domains
Numerical Constraints

Many Solutions
x=1,y=1, z=1

Solution: x=1, y=1, z=3.25

[1,5]
y = X2 /@D\
X+y+Z < 5.25
[0.21 7 5 —Cg
[_OO’+OO]

assignment of values which satisfies all the constraints

GOAL Find solutions;

Find an enclosure of the solution space
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Representation of Continuous Domains

[Fi,05] r
F-interval - — R

......'..........F

[f,, T, [Lrdlr])

F-box

Canonical solution
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Solving CCSPs:
Branch and Prune algorithms

l

constraint propagation

box split \

Safe Narrowing Functions

Isolate canonical solutions
provide an enclosure of the solution space

1

depends on a consistency requirement
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Constraint Reasoning (vs Simulation)

Represents uncertainty as intervals of possible values

Uses safe methods for narrowing the intervals
accordingly to the constraints of the model

[0,2] v = [1,5]
X O e ——————— y
Simulation: 0 0 no
x<1? 1 1
2 4 y>47?
Constraint
Reasoning: [1,2] [1,4]
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How to narrow the domains?

0,2] . 1,51

X Om— \/

Safe methods are based on Interval Analysis techniques
[0 max(a2,b?) ] if a<0<b

\% x?e[a,b]?= |
xelap) X“€[a.D] [Lmin(a2,b?) |/ max(a2,b?)[]  otherwise

If xe[0,2]
Then ye[0,2]2=[0, max(02,22) [|=[0,4]
- ye[1,5] A ye[0,4]
- ye[1,5] n [0,4]
. ye[l,4]
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How to narrow the domains?

0,2] . 1,51

X Om— \/

Safe methods are based on Interval Analysis techniques

-

[0, max(a2,b?) ] if a<0<b

v [Lmin(a2,b?)]| max(a,b?|] otherwise

xe[a,b] Xze[a’b]Z: )

[NF Y’ <—me2]

y=xz"
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How to narrow the domains?

0,2] . 1,51

X Om— \/

Safe methods are based on Interval Analysis techniques

y—-x2=0 > F(Y)=Y -[0,2]? F'(Y)=1

F(c(Y))
F(Y)
Interval Newton method

ver vXe[O,Z] y_X2:O — Y& N(Y) — C(Y) o

If xe[0,2] and ye[1,5]
3-[0,2]°

Then yeN([L5]) = 3- =[04]

. ye[1,5] n[0,4]
. ye[l,4]
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How to narrow the domains?

0,2] . 1,51

X Om— \/

Safe methods are based on Interval Analysis techniques

y—-x2=0 > F(Y) =Y -[0,2]? F(Y) = 1
Vyev Vxepoz Y X0 = ye N(Y) = e(Y) - Féc((:)) )

Interval Newton method

[N Fyol Y = YA [C(Y) _ C(Y)l_ X? B
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How to narrow the domains?
[0,2] [1,5]

y =X
X Om—y \|

Safe methods are based on Interval Analysis techniques

contractility correctness

Y« YNX? , , ,
) x? YoY VyygY = -3,y y=X
C —

1

NF . Y < YN [C(Y) —

: X« (XN=Y2)H(XN+Y7)

XX  VyixXeX = -3,y y=X

—2X
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

[1,4]
—H=51 NFyoel Y < Y X2
y = X2 /®\ - NF oe: X' <= (XN=Y")B(X+Y™)
X+y+z < 5.25 NFiyizes25: X <= XN([—90,5.25]-Y-2)

NFXMZSS_ZS: Y’ < YN([-0,5.25]-X-2Z)
[1: A Z2X

sotec} —# NFyyipcs25t Z < Z([~0,5.25]-X-Y)

[1,3.25] =5 NF,.: X' < X\(Z-[0,+])

—=b NF,..: Z' « Z\(X+[0,+)])
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation

[1,3.25]

—t4
=54 v
y = X2 /®\ v
X+y+z < 5.25 \
o o

: Z2>X
[1,43.25] ’ v
Héés]', - \/
[1,3.25]

\

NF._... Y <« YNX?

y=xz"

NF, _.: X < (Xn=Y2)I(XN+Y"?)

y=xz"

NFyiyizes250 X' = X(
NFyiyizesst Y = YN (

I\”:x+y+zs5.25: VARS Zﬁ(

—00,5.25]

[—00,5.25]

~Y-2)
~X-2)

—00,5.25]

NF,... X < XN\(Z-[0,+x])

NF,..: Z' < ZN\(X+[0,+x])
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation + Branching
Consistency Criterion

[1,3.25]
X y z
y = 2 /@D\ 1 1 1 j
1 1 3.25
X+y+z £ 5.25 \3o5 y = X2 = y =3.25

(X 1.5 2.28+y+5< 505 = 7 < 2+/3.25
[l,\/3.25] 7> X M V3.5

[1,3.25]
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Solving a Continuous Constraint Satisfaction Problem

Constraint Propagation + Branching
Consistency Criterion

Local Consistency
(2B-Consistency)
I

Constraint Propagation

; Constraint Propagation
Higher Order Consistencies «~—— T
(kB-Consistency) Branching
3B-Consistency: if 1 bound is fixed then the problem is Local Consistent
X y Z X y Z
[1,¥3.25] [1,3.25] [1,3.25] not 3B-Consistent «——— [V3.25] [1,3.25] [1,3.25]
[1,1.5] [1,2.25] [1,3.25] 3B-Consistent not Local Consistent
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Example: +6 /
Variables: x, y 8 -
Domains: [-2,2]x[-2,10] 6 1
Constraints: 4
y — X2 2 -
y>2x+4 , 5 |
: . -4 /2 0 1' 4
Constraint propagation 2
define set of narrowing functions:
y = X? . NF Y < YnX?
X =ty NF,_e: X' <= (XN=Y")B(X+Y™)
y = 2X + [4,+o0] NFyooxia: Y <= YN(2X+[4,+0])
X = Y2y — [2,+0] NFy s oxiq0 X' = XN(72Y—[2,+0])
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Example:

Variables: x, y

Domains: [-2,2]x[-2,10] 6
Constraints: 4
y = X2 2
y=2x+4 , 5 -
_ _ -4 /2 0 2 4
Constraint propagation =

apply the narrowing functions to prune box: [-2,2]x[-2,10]

_212
-2!2

_212

x([-2,10] N[-2,2]?)

x([-2,10] N[0,4])
x[0,4]

10 Nov 2015

«— NF, _... Y <« YNX?

y=x2"
NF i X' <= (Xn=Y"2)B(X+Y7)
NF o ogiqt Y <= YN(2X+[4,+00])
NFy o oiqt X <= XN(Y2Y~[2,+00])

Lecture 1: Interval Constraints Overview 18



Example: 07

Variables: x, y 8
Domains: [-2,2]x[-2,10] 6
Constraints: %
y =X 2
y=2x+4 . |
. _ -4 -2 0 2 4
Constraint propagation -2 -

apply the narrowing functions to prune box: [-2,2]x[0,4]

([-2,2]~—[0,41%))([-2,2]N[0,4]7)x[0,4] NF et Y <= YNX?

(2,21 2,00 ([ 2.21A0.2)x[0.4] «— VFymet X = (XN=YH)U(XA+Y7)

[-2,2]x[0,4] NFsoxia: Y <= YN(2X+[4,+00])
NFyspeia: X = XO(Y2Y~[2,+00])
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Example: 107

Variables: x, y 8 1
Domains: [-2,2]x[-2,10] 6 -
Constraints: %
y = X2 2
y>2x+4 , .
_ _ -4 -2 0 2 4
Constraint propagation -2 -
apply the narrowing functions to prune box: [-2,2]x[0,4]
2210412221 H4+o]))  NFyzel Yo YOXE
-2,2]x([0,4]\([-4,4] +[4,+00])) NFy:XZ: X « (Xm—Yl/Z)U(Xﬂ-I-Yl/Z)
-2,2]x([0,4]N[0,+x]) -— NFy22X+4: Y’ < YN(2X+[4,+x])
-2,2]x[0,4] NFyoxia’ X« XN(Y2Y—[2,+x])
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Example: 107

Variables: x, y 8
Domains: [-2,2]x[-2,10] 6
Constraints: 4
y =X 2 -
y>2x+4 , .
_ -4 -2 0 2 4
Constraint propagation 2 -
apply the narrowing functions to prune box: [-2,2]x[0,4]
([-2,2]N (4[0,4]-[2,+0]))<[0,4] NFyoet Y7 €= YNX2
([-2,2]"([0,2]-[2,+o0]))x[0,4] NFy-e! X' ¢ (Xn=Y?)U(X+Y™)
([-2,2]"[-0,0])x[0,4] NFooxial Y = YN(2X+[4,+00])
[-2,0]x[0,4] +— NF o4 X'« XN(Y2Y—[2,+x0])
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Example: 10 -
Variables: x, y 8
Domains: [-2,2]x[-2,10] 6
Constraints: 4
y = X2 2 |
y=>22x+4 , | |
_ _ -4 -2 0 2 4
Constraint propagation 2 -

obtained the box: [-2,0]x[0,4] (fixed point)
NF, e Y < YNX?
NFoe: X' < (XN=Y7)U(XN+Y7)
NFyooeas Y <= YO(2XH[4,+00])

NF ogess X = XO(¥aY—[2,420])
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Example:

Variables: x, y

Domains: [-2,2]x[-2,10]

Constraints:

y =X
y>2x+4

Split box

'210

_2’0

X

0,2]

2,4]

10 Nov 2015
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Example: 107

Variables: x, y
Domains: [-2,2]x[-2,10]

g -
6 -

Constraints: %
y = X2 4
(
5

y>2x+4 ,

T

» [-1.415,-1.082]x[1.171,2.000] (fixed point)

Split box

2,0]x[0,2] —P1€

-2,0]x[2,4]
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Example:

Variables: x, y
Domains: [-2,2]x[-2,10]

Constraints:

y =X
y>2x+4
Split box
2,0]x[0,2] ——1€
2,0]x[2,4] —1€ |

-1.415,-1.082

-2.000,-1.414

1.171,2.000

2.000,4.000]
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Example: 10 -
Variables: x, y 8
Domains: [-2,2]x[-2,10] 6 -
Constraints: 1 4
y = X2 | 5 |
y=>22x+4 , 5 | |
-4 /2 - E) 2 4
When to stop? » Consistency requirement

If we stop now:

[-1.415,-1.082]x[1.171,2]}[-2,-1.414]x[2,4] = [-2 ,-1.082][1.171,4]
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Example: 107

Variables: x, y
Domains: [-2,2]x[-2,10]

Constraints:

y =x?
y>2x+4 , |
-4 2
When to stop? » Consistency requirement

smallest box containing all canonical solutions
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A practical example:

Population
(millions)
Census USA
140
207 Logistic Model
100
80 A —
kxoer(t tO)
] X(1) =)
40 ~ Xo(e 0 —1)+k
20 -+
o | | Xq= a
Q Q Q Q Q Q Q Q Q Q Q Q Q O_
e EE S EE S result-1 k=b
Time (years) r=¢¢

. 2 .
Optimization Problem: min X; —V; with X; = \
p ;( | I) | Xo(er(ti_tO)—l)+k
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A practical example:

Population
(millions)

Census USA

140

Logistic Model

r(t—to)
o | X(t) = kxqe

4 | xole" ) —1)+k

result: Xxg

Time (years)

kx ef(ti—to)
CCSP: 1 (X, K, 1) | V(1 v ) Xj = —7—70 N
(X0 KoYV (431 Xi %ol 1)k
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Course Structure: Constraints on Continuous Domains

Lecture 1: Interval Constraints Overview

Lecture 2: Intervals, Interval Arithmetic and Interval Functions

Lecture 3: Interval Newton Method

Lecture 4: Associating Narrowing Functions to Constraints

Lecture 5: Constraint Propagation and Consistency Enforcement

Lecture 6: Problem Solving
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Important Links

A primary entry point to items concerning interval computations.

Project to integrate techniques from mathematical programming, constraint
programming, and interval analysis.
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